We study the statistical and dynamical aspects of a translation-invariant Hamiltonian, without quench disorder, as an example of the manifestation of the phenomenon of many-body localization. This is characterized by the breakdown of thermalization and by information preservation of initial preparations at long times. To realize this, we use quasi-periodic long-range interactions, which are now achievable in high-finesse cavity experiments, to find evidence suggestive of a divergent timescale in which charge inhomogeneities in the initial state survive asymptotically. This is reminiscent of a glassy behavior, which appears in the ground state of this system, being also present at infinite temperatures. 
I. INTRODUCTION
For a quantum particle moving in a disordered medium, the coherent backscattering from randomly distributed impurities may localize all the quantum eigenstates of the system and give rise to insulating behavior. This phenomenon, known as Anderson localization [1] , is to be distinguished from another localization mechanism driven by a strong mutual repulsion of particles instead of disorder, namely, Mott localization [2, 3] . Recently, it was discovered that even in the presence of small interactions Anderson localization is robust [4] [5] [6] [7] [8] ; this was then numerically verified for a variety of quantum systems [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . This quantum many-body phenomenon, dubbed many-body localization (MBL), highlights the rich physics that arises from the competition between disorder and interactions, which ultimately results in the breakdown of ergodicity and the absence of transport, even at finite energy densities, when disorder is sufficiently large.
An outstanding question is whether (many-body) localization can arise in translation-invariant systems in the absence of disorder [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . The search of the disorder free localization can be traced back to Kagan and Maksimov's work on Helium mixtures consisting of two species of particles, light and heavy, where the inter-species interactions make heavy particles generate an effective random quasistatic potential which blocks the diffusion of light ones, thus localizing them [40, 41] . However, recent studies suggest that such a system exhibits only transient subdiffusive dynamics, while its long-time dynamics is still ergodic, coining the term quasi-MBL to describe them [37, 39] . A recent intriguing proposal of disorderfree localization involves an exactly solvable spin-fermion model with an extensive number of conserved quantities [42] that breaks ergodicity. In this paper, we propose * rmondaini@csrc.ac.cn † zcai@sjtu.edu.cn a different approach to realize the disorder-free (manybody) localization: we study a uniform system composed of single-species identical particles, where interactions between a quantum particle and the others effectively serve as a spontaneously emergent disorder that in turn localizes the particle itself. The essential ingredient here is the inter-particle interaction with a peculiar long-range nature, which gives rise to a glassy behavior of the groundstate as well as glassy dynamics at finite energy densities. Quantum many-body systems with long-range interactions in atomic, molecular, and optical systems have attracted considerable interest. Typical examples include dipole-dipole interactions between atoms or molecules with large dipolar momentum [43] [44] [45] , Van der Waals interactions between atoms in Rydberg state [46, 47] , and variable-range interactions between ultra-cold atoms in high-finesse cavities [48] [49] [50] or trapped ions [51, 52] . Compared to the cases of short-range interacting models, the localization phenomena are much less explored in long-range quantum lattice systems. It is well-known that the (Anderson) localization phenomenon strongly depends on the dimension of the system [53] , thus it is natural to expect that novel localization behavior may emerge in long-range quantum lattice systems whose dimension may be not well-defined.
II. MODEL
We consider a one-dimensional (1D) hard-core bosonic model with infinite long-range interactions whose Hamiltonian reads, length of the 1D lattice. The 1/L factor in the interaction term guarantees that the total interacting energy in the ground state linearly scales with the system size for sufficiently large L. The long-range interaction is periodic, V ij = V i+T,j , with T = 1/p being the period of the interactions that can be either commensurate or incommensurate with the lattice constant a 0 , which is set to unit. A key observation is that the long-range interaction is translation invariant, V ij = V |i−j| , so is the total Hamiltonian(1). We work at half-filling throughout the paper.
III. GLASSY GROUND-STATE
The ground state of the system with a commensurate interaction (p = 1/2) has been investigated experimentally [50] and numerically [54] [55] [56] [57] [58] , and a rich phase diagram, including a supersolid phase, has been explored. Here, we focus on a typical incommensurate case, e.g., p = 1/ √ 2. To gain some insight, we first study the ground state in the limit J = 0, where the problem becomes a classical spin glass problem whose ground state energy can be estimated by the classical simulated annealing method. The total ground-state energy E c of the Hamiltonian (1) in this limit (J = 0) as a function of lattice length is plotted in Fig. 1(a) , from which we find that, even though E c dramatically oscillates with L, as a consequence of the incommensurate infinite long-range interaction, the lower enveloping line of the E c -L curve linearly depends on L, indicating that in the thermodynamic limit, the average energy per site is independent of the system size. To determine the nature of this classical ground state, we introduce an order parameter to measure the incommensurate charge density wave (CDW) phase with period 1/p,
2 e ı2πp(i−j) . As shown in Fig. 1(b) , when L → ∞, m c extrapolates to a finite value, indicating a long-range CDW correlation in the classical ground state. Now, we turn on the hopping in the above classical picture, which plays a role in inducing quantum fluctuations. To study the ground state of this model, we perform quantum Monte Carlo (QMC) simulations with a worm algorithm update [59] [60] [61] , which is free from the sign problem since the frustration appears only in the diagonal (interacting) part ofĤ.
To determine the properties of the ground state, we calculate the superfluid density ρ s (computed using the winding number W [62] of the QMC simulations as ρ s ≡ (L/β) W 2 ) and perform the finite size scaling with the dynamical critical exponent z = 1, with the scaling relation between the space and imaginary time as L/β = 1. As shown in the classical case, the physical quantities in the ground state may dramatically oscillate with the lattice length, thus special attention needs to be taken for the finite size scaling. To derive the properties in the thermodynamic limit, we choose lattices whose length is close to the lower enveloping line of the E c -L curve. The superfluid density ρ s as a function of interaction strength V is plotted in Fig. 1(c) , from which we find that for sufficiently large V , ρ s vanishes, indicating the breakdown of the quasi-superfluidity. In the inset of Fig. 1(c) , we obtain a scaling invariant point at V c = 9.9 ± 0.1J, which indicates a continuous phase transition with dynamical critical exponent z = 1, separating a Luttinger liquid and a strongly interacting phase. Now, we analyze the nature of the strongly interacting regime, which should adiabatically connect to the classical limit J = 0. In Fig. 1(d) , we plot the equaltime single-particle correlation function G(x) = â † iâ i+x , which decays exponentially in distance. Inspired by the results in the classical limit, we can introduce the incommensurate CDW order parameter m c and decouple the interaction under mean-field approximation in the thermodynamic limit and the Hamiltonian can be rewritten as
Hence, this mean-field Hamiltonian is equivalent to the Aubry-André model (See Appendix A), which is known to have a phase transition when increasing the strength of the incommensurate external potential [63] . However, in our case, the translational symmetry breaks spontaneously instead of explicitly.
Glassy behavior in the absence of disorder also appears in other contexts of systems with long-range interactions either in a lattice [65] or in the continuous [66] . 
IV. FINITE ENERGY DENSITIES: STATISTICAL PROPERTIES
It is an open question whether localization present in the ground state of a system could be connected to the localization phenomenon in highly excited states. In our model, specifically, we aim to verify if the previously described glasslike phase also survives at finite energy densities. We begin with a diagnostic of quantum chaotic behavior [67] [68] [69] , which has been widely used as a way to probe ergodicity in quantum systems. This can be quantified by the presence or not of energy level repulsion [70] [71] [72] , which in turn, can be measured via the ratio of adjacent gaps in the spectrum [9, 64] , r α ≡ min (δ α+1 , δ α ) / max (δ α+1 , δ α ), and δ α = E α − E α−1 are gaps in between consecutive energy levels in the ordered list of eigenenergies {E α } of the Hamiltonian. We show in Fig. 2 (a) the distribution of r in the central half of the spectrum [73] , averaged among all the real sectors of the Hamiltonian, obtained by using a basis that encodes translation, particle-hole, and inversion symmetries (See Appendix B for a description of the symmetry resolving), for the largest system size we study, L = 26 (Hilbert space dimension D ∼ 10 5 ). In the limit V /J 1, the system is close to the integrable regime and level repulsion is absent: the level spacings are completely uncorrelated and a Poisson distribution is obtained [64] . On the other hand, for increasing interactions, the distribution becomes equivalent to the ones of symmetric random matrices belonging to a Gaussian orthogonal ensemble (GOE) [64] , which is characteristic of thermalizing quantum systems. Nevertheless, when approaching a regime where the interaction strength is much larger than the hopping scale, a Poisson distribution for r is once again recovered. This suggests that localization, described by the breakdown of ergodicity, at infinite temperatures is obtained in a manner similar to the scenario of MBL for large enough quenched disorder, but here in a translation-invariant system.
The Hamiltonian (1) is nonintegrable for any finite value of the interactions so one would expect the predictions of the eigenstate thermalization hypothesis (ETH) [67] [68] [69] 74 ] to be numerically obtained, apart from finite size effects [75] . To rule these out, we check in Fig. 2(b) the average value of these distributions for different system lattice sizes and interactions. The intermediate ergodic regime (V /J ∼ 10 1 − 10 2 ) is robust and level repulsion, characterized by r ∼ r GOE , is absent for V /J 10 2 . As for the ground state, a proper finite-size scaling is rather elusive [76] .
V. DYNAMICAL LOCALIZATION
A clearer picture of whether a transition from thermalization to MBL-like behavior takes place, at large interaction values, can be quantified in the dynamical properties of the system. We start by investigating the dynamical inverse participation ratio [35, 36] (IPR), which is a measure of localization in the many-body basis, Figure 3 (a) shows that with increasing interactions, the equilibrium value of the dynamical IPR is substantially reduced and the system may fully retain information about its initial preparation at large time-scales. To account for finite size effects, we compare the equilibrium value I(τ ) eq. of the dynamical IPR for different lattices in Fig. 3 (b) . A crossing of the curves is obtained for values of V /J in the range ∼ 130 − 680 [see inset in Fig. 3(b) ], after which one expects that localization survives in the thermodynamic limit, defining the critical value of interactions where the MBL-like behavior takes place and thermalization no longer holds.
VI. INITIAL STATE INHOMOGENEITIES
We further characterize the interaction-induced quantum glass transition by noting how an inhomogeneity in the particle distribution in real space for the initial state persists after the unitary time-evolution [29, 34, 36] . This has the advantage of being relevant to experiments in optical lattices that can probe site-resolved densities. We define the charge inhomogeneity opera- , averaged over all the initial states with equivalent N dw . The differences are clear: in the former, the time evolution results in a featureless state irrespective of the value of (∆n) 2 (0), while in the latter the charge inhomogeneity of the initial state is preserved for arbitrarily long times. Appendix E shows that this is intrinsically related to the incommensurability of the interactions with respect to the lattice spacings by checking other values of periodicities p. In contrast, if one considers commensurate interactions as p = 1/2, information about the initial preparation is eventually lost as shown in Appendix F. Figures 4(c) and 4(d) compare the infinite-time average, given by the diagonal ensemble (DE), for all the initial symmetric Fock states with the corresponding microcanonical prediction [69, 74] showing the breakdown of thermalization in the strongly interacting regime. Appendix C displays similar results for a larger lattice size, L = 26.
VII. MANY-BODY DENSITY OF STATES AND ETH
When investigating a translation-invariant MBL system, one needs to be careful with the possible formation of "mini-bands" in the spectrum of finite systems [37] . These are typical in proposals of translation-invariant MBL consisting of two types of particles (light and heavy) [37, 39] with very different energy scales; they reduce the effective Hilbert space and do not persist in the thermodynamic limit, resulting in pseudo-MBL behavior that is essentially a finite size effect. To test this scenario, Fig. 5 (a) and 5(b) show the normalized density of states (DOS) with increasing magnitudes of interactions. Albeit some rather large finite-size effects affect the distribution shape (see, e.g., L = 24 results and Appendix D concerning the monotonicity of thermodynamic quantities), the DOS does not display a separation into small bands for the case of a real even (under all parity symmetries) sector of the Hamiltonian, even at the largest interaction V /J = 10 3 , which already displays an MBL-like behavior for other quantities. Besides, it is clear that in this strong interaction regime, thermalization, as prescribed by the ETH, fails with the support of the eigenstate expectation values of a few-body operator, like the zero momentum occupation [ 
VIII. SUMMARY
Using large-scale numerical calculations, ranging from classical annealing to QMC to exact diagonalizations, we study a quantum glass transition of a system composed of hard-core bosons subjected to quasiperiodic long-range interactions. This translation-invariant system displays a transition to localized behavior at sufficiently large interaction magnitudes not only at the groundstate but also at finite energy densities. In the latter, we associate it to an MBL-like regime where the breakdown of thermalization and initial state memory survives at exponentially large time scales, even in the absence of any disorder. Although the infinite time-average for initial states with typical values of N dw may approach the thermal prediction in the large interaction limit, the number of (initial) states that result in a discrepancy is not necessarily rare, suggesting that initial memory survives indefinitely, even at infinite temperatures (see Appendix C), unlike in the scenario of translation-invariant MBL proposals of "light" and "heavy" particles. Nevertheless, the recent emulation of long-range interactions in optical lattices embedded in high-finesse cavity experiments, emulating the physics described here, may settle this issue by probing whether the so far numerically observed outof-equilibrium localization in systems without quenched disorder is a phenomenon that is not related to finite size effects. Appendix A: Mean-field analysis
We explore here in more details the mean field version of the Hamiltonian that is valid in the strongly interacting regime. The original Hamiltonian can be rewritten asĤ
By introducing the mean-field charge-density-wave order parameter: m =
, the Hamiltonian in Eq.(A1) can be decoupled as:
The translational symmetry has been broken explicitly in the mean-field Hamiltonian (A2), where the meanfield order parameter m can be solved using the standard self-consistent method in real-space. In Fig. 6 (a) and Fig. 6 (b) , we plot the result of the ground-state energy and the mean-field order parameter |m| as a function of the system size L for a fixed V /J = 12, which according with the results from the QMC, is already in the strongly correlated regime. We note that the fluctuations markedly decrease for larger system sizes properly defining the thermodynamic limit. This behavior is also expected in classical case (J = 0), originally presented in Figs. 1 (a) and (b) in the main text, provided one is able to reach larger system sizes.
Appendix B: Symmetry sector resolving
To probe aspects related to quantum chaotic behavior (and the lack of thereof for large enough interactions) encoded in the level repulsion, or to compute infinite timeaverages (diagonal ensemble averages), one most ensure that all "trivial" degeneracies are resolved. These are in general related to the symmetries of the Hamiltonian. In our model, these are three: translation (T x ), and parities under particle-hole (P phs ) and reflection (P I ). We construct a basis where the states are simultaneously eigenstates of these three symmetry operations, which reduces the total Hilbert space D = L L/2 to smaller sectors D ≈ D/(L · 2 · 2). We restrict ourselves to real sectors (with corresponding momentum quantum numbers k = 0 or π) and, to reduce statistical fluctuations, we average over the 8 equivalent sectors after the parity operations in Figs. 2 and 3 . Whereas in Figs. 4 and 5 , we restrict to the even sectors underP phs andP I for the zero momentum translation quantum number. The initial memory preservation is a characteristic of many-body localized systems. In Fig. 4 (main text) , we show that, in the strongly interacting (non-ergodic) regime, a discrepancy is clear between the infinite time average of the charge inhomogeneities, encoded in the initial (symmetric) Fock states, and the values of a thermal ensemble, signaling the thermalization breakdown. Here, we repeat this analysis in Fig. 7 for the largest system size we study, presenting qualitatively similar results. The states for which the discrepancy is larger, are the ones that have a number of domain walls (N dw ) far from the typical value, which displays infinite time predictions closer to the thermal result. We argue here that although the number of those states is small, they still represent a substantial fraction of the total number of initial Fock states. This can be seen by the histogram in panel (c) that counts the values of the diagonal ensemble results of (∆n) 2 for initial states whose energies E 0 (= ψ(0)|Ĥ|ψ(0) ) are within the central half of the system's eigenenergies. In the thermodynamic limit, the peak-structure will become smoother but with large tails that will manifest the lack of thermalization.
Appendix D: Entropy at infinite temperatures
One concern that may arise with the manifest large finite-size effects appearing in the strongy correlated regimes, refers to the monotonicity of thermodynamic quantities. For example, the thermodynamic entropy S at energy E is related to the density of states via e S(E) = E α δ(E − E α ). At infinite temperatures, one 3 ) for a subsector of the Hamiltonian with zero total momentum and with even parities under particle-hole and reflection symmetries.
can write down the thermodynamic entropy as the logarithm of the density of states at its maximum value. Figure 8 displays the system size dependence of this quantity for two values of interactions, V /J = 10 1 and 10 3 , in the ergodic and non-ergodic regimes, respectively. In the latter, the fluctuations are a direct manifestation of the finite-size effects but still show how the entropy is a momotonic function of the system size.
Appendix E: Incommensurate case: other periodicities
We have established that the system displays localizaton at infinite temperatures for the case of long-range quasi-periodic interactions with period T = √ 2. Nevertheless, finite size effects are strongly manifest in a variety of quantities when determining the boundary between the ergodic regime and the many-body localized Fig. 3 . The crossing region, given by the shaded area in the inset of (b), depicts the confidence interval of the localization transition given the system sizes available: Vc/J = 100 − 360. This is consistent with the other periodicity p = 1/ √ 2 though the interval is reduced due to smaller finite-size effects.
one. One of the quantities that is largely affected is the dynamical inverse participation ratio (Fig. 3 in the main text), where the results for system size L = 24 fail to reach a crossing point in V /J compatible with other lattice sizes. That this size presents pathological behavior can also be inferred from the non-gaussian behavior of the many-body density of states in the strongly interacting limit (Fig. 5(b) in the main text), in contrast to other values of L. One of the reasons behind this is that the period of interactions is almost commensurate with the lattice size for L = 24 when p = 1/ √ 2. Different approaches may be used to mitigate finite size effects. We choose a simple one in which we see how robust is the transition point under variations of the incommensurate periodicity of the interactions. We select a new period T = 1/p with p given by the golden ratio
and report in Fig. 9 the same as in Fig. 3 of the main text but for this different periodicity. We note that for the system sizes studied for this quantity (even number of lattice sites from L = 16 to 24) the crossing point (around V c /J = 100 − 360) is consistent with the previous estimation from p = 1/ √ 2.
Appendix F: The commensurate case:
The case of interactions whose period T = 1/p is twice the lattice constant corresponds to the realistic situation in the experiment described in Ref. [50] . In this scenario, all the lattice sites can be classified into even and odd groups and the interaction between the two particles in the different(same) group are repulsive (attractive) with the same interaction strength. The interaction can be rewritten as:
2 whereN e (N o ) is the total particle number operator in the even (odd) sublattice. Notably, the interaction favors the formation of a charge-density-wave (CDW) state with a non-zero order parameter: m = N e −N o /L. A simple mean-field treatment of the Hamiltonian suggests that even an infinitesimal V will open a gap and induce a CDW insulating phase with spontaneously translational symmetry breaking.
In the out-of-equilibrium situation, to highlight that this model does not give similar conclusions as to the incommensurate case p = 1/ √ 2 studied in the main text, we show in Fig. 10 the quantity which can be used experimentally to probe localization, the degree of charge inhomogeneity of time-evolved initial states.
For similar values of interactions which are in the er-godic and non-ergodic regimes for p = 1/ √ 2, V /J = 10 1 and 10 3 , respectively, we see that the initial charge inhomogeneity vanishes in both cases, resulting in a featureless state for large enough time-scales in contrast to the localization observed for large interaction values in the case of incommensurate interactions. As in the main text, we average the time-integrated charge inhomogeneity, (∆n) 2 (τ ), for states with equivalent number of domain walls that quantifies the degree of inhomogeneity. The notable exception is the initial state with maximum number of domain walls [(∆n) 2 (0) = 1], corresponding to a CDW initial state -in fact, a symmetric version incorporating all the symmetries of the basis. This state approaches the actual ground-state of the Hamiltonian in the large V limit and possess total energy that is largely gapped from the bulk of the spectrum. This results in a lack of hybridization with other states with different degrees of charge-inhomogeneity, then partially preserving information of the initial state. Yet it does not constitute though a localization feature at infinite temperatures, characteristic of many-body localization.
We note as well that in the irreducible sectors of the Hamiltonian -after applying translation, inversion and particle-hole symmetries -the spectrum does not display level repulsion in any range of the interaction magnitude. That is suggestive that the Hamiltonian might display integrability for commensurate interactions as, e.g., for p = 1/2. Thus, this precludes a scenario of breakdown of ergodicity signaling the onset of translation-invariant many-body localization.
